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Abstract 

Generalized quons interpolating between Bose, Fermi, para-Bose, para-Fermi, and 
anyonic statistics are proposed. They follow from the R-matrix approach to de- 
formed associative algebras. It is proved that generalized quons have the same main 
properties as quons. A new result for the number operator is presented and some 
physical features of generalized quons are discussed in the limit \q?A — > 1. 
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Quons were proposed by Greenberg [1,2] as particles interpolating between bosons 
and fermions. Quonic intermediate statistics is an example of infinite statistics in 
which any representation of the symmetric group can occur. It was pointed out that 
quons offered a possibility for a small violation of the Pauli exclusion principle, at 
least in nonrelativistic theory [2,3]. The quon algebra, interpolating between bosonic 
and fermionic oscillators, was postulated [2] as 

aid) - qa]cii = 5ij, q G R. (1) 

Here i,j are discrete indices and the parameter q is a real number. The main prop- 
erties of quons are as follows: 

(i) Norms are positive definite for — 1 < q < 1. 

(ii) For q 2 ^ 1, the commutation relations do not exist between annihilation (cre- 
ation) operators a t ,aj (af ,aj), i.e., there are n! linearly independent states a ix . . . a in \0 > 
for different permutations of fixed indices 1,2, ... ,n. 

(iii) The number operator exist in the form of an infinite series expanded in powers 
of creation and annihilation operators, with complicated coefficients diverging when 
q 2 ^l. 

(iv) The theory is nonlocal, but the TCP theorem and the clustering property hold 
in relativistic quon theories. 

In a recent Letter [4] Mishra and Rajasekaran proposed a q-deformed algebra of 
creation and annihilation operators with ordered indices in which the deformation 
parameter was complex. The q-deformed algebra was defined by the following equa- 
tions: 
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aiOj — qajdi = for i < j 
a,ia\ -pajai = 1, 

where q and p are complex and real parameters, respectively. Consequences of this 
complex q-mutator algebra were studied and its relation to "fractional" statistics 
was pointed out. 

Anyons were proposed [5,6] as particles in 2 + 1 dimension that also interpolate be- 
tween bosons and fermions. It was shown [7] that multivalued anyons can be treated 
as a kind of quons with the multivalued unimodular parameter q = e tXA , A being a 
real statistical parameter and A = ty + 2-kz, z e Z. 

In this paper we propose generalized quons as particles interpolating between all 
kinds of statistics simultaneously. For a special choice of q parameters , one finds 
any particular statistics. Generalized quons in principle allow for a small violation of 
any statistics. We point out that, generally, the q parameter can depend on the pair 
of indices i,j in the product a^a] in Eq.(l). Moreover, q,ij can be complex numbers, 
with q*j = qji. Hence the global parameter q becomes a Hermitian matrix. We point 
out that generalized quons follow from the R-matrix approach to deformed algebras. 
We show that all properties of quons hold for generalized quons. A new result for 
the number operator is obtained. Some physical features of generalized quons are 
discussed in the limit \qij\ 2 — > 1. 
We propose the generalized quon algebra as 

(lid) - qijd]di = Sij, q*j = q^, i,j G S, (2) 
where i,j denote sites of the discrete totally ordered lattice S in arbitrary dimen- 
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sion. This algebra interpolates between bosons (for q — 1), fermions (for q = — 1), 
multivalued anyons [7] (for q = e * A7r ( 1 + 2z ) ; z E Z), single- valued anyons [8,9] (for 
q(r — r') = ± e tX l e o( r - r )-&o(r -r)]^ where 9o(f) is the polar angle and +(-) corresponds 
to the Bose (Fermi)-type transformation). If q^ = q for i < j, where q is a complex 
parameter, and qa = p, where p is a real parameter, we obtain the q-deformed alge- 
bra of Ref.[4]. 

In order to show that para-Bose and para-Fermi statistics [10] are also contained in 
the general quon algebra, Eq.(2), let us consider a set of operators af, a — 1, ... ,p, 
satisfying the algebra 

«>f - qapo.f a i = <W<% ? q* a p = qp a - (3) 

Then q a/3 — ±1 for a — (3 and q a p = q=l for a ^ (3 correspond to Green's para- 
Bose (para -Fermi) type of oscillators for the upper (lower) sign. 
We point out that the generalized-quon algebra, Eq.(2), is just a special type of 
associative algebra; namely, the general commutation algebra of oscillators can be 
written in the R-matrix approach [11,12]: 

a i a ) - Rki,jl a k a l = Qij- 

Here R and R' are matrices with complex entries, whereas (Qij) is a set of oper- 
ators with Q\j = Qji. In the following we restrict ourselves to the case Qij = Sij. 
In order that the algebra in Eq.(4) be associative, the following condition have to 
be satisfied: 

(a) the Yang-Baxter equation (summation over repeated indices is assumed) 
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Rjk,xyRiy,zbRzx,am Rij,xyRxk,azRyz,mbi (5) 

(b) 

Rjk,xyRiy jZ bR Z x,am = Rij,xyRxk,azRyz,mb, (6) 

(c) the Hecke condition, symbolicaly written as 

( J R-l)(i?' + l) = 0, (7) 

where R = PR, R' = PR' and P is the permutation operator Pij^i = Su^jk, 
(d) hermiticity, i.e., that a\ is the hermitian conjugate of a» (and vice versa): 



R'v,ki = R'llji, i-e., (R'Y — R' ■ (8) 

Solutions of Eq.(5-8), corresponding to Bose, para-Bose, Fermi, para- Fermi, and 
anyonic statistics are 

R = R' = ±1, upper (lower) sign for bosons (fermions), 
R = R' = e iA7r(i+2 2 ) . 1 z e z for mu i t i va i uec i any ons [7], 

R(f[, r 2 , r 3 , rl) = R\n, r 2 , r 3 , f A ) 

for single- valued anyons [8,9] with +(-) for the Bose (Fermi)-type transformation, 
and 

R = R , R a i,f3j,~fk,8l = qapdaydpsSikdjl, 

where a,/3, 7, 5 = 1, . . . ,p and q a p = ±(25 a p — 1), +(-) corresponding to Green's 
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oscillators of the para-Bose (para- Fermi) type [10]. 

However, there is also another solution of Eqs.(5-8), R = P,i.e., R — 1, and an 
arbitrary Hermitian matrix R' . Specially, we put 

(R )ki,ji = QijSjkSu, q%j = q*ji- (9) 

The corresponding associative algebra is just the generalized-quon algebra in 
Eq.(2). There are no relation between a^aj (or aj,aj) operators. When R' ap- 
proaches one of the above special solutions R = R' , quons approach bosons, fermions, 
anyons, etc., allowing for a small violation of the corresponding approaching statis- 
tics. In the exact limit, the relations between a^a, (or aj,aj) appear. 
Finally, we have proved that all the main properties of quons still hold for general- 
ized quons. 

(i) The norms are positive definite for \q^\ < 1. 

We assume the existence of a vacuum state |0 > and its dual < 0| satisfying 

a .|0>=0, < 0|a{ = 0, Vi G S. (10) 



The Fock-like space is constructed in the usual way. The one-particle states are 
<4|0 >, i G S, and, generally, the n-particle states are of the form • • -<4j0 >, 
ii,...,i n G S. When the indices ii,...,i n are mutually different there may ex- 
ist maximally n\ linearly independent states specified by permutations of ii, . . . , i n . 
If rii,...,n a are multiplicities of equal indices appearing in an ordered sequence 
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ii, . . . , i n (ii < i 2 < • • • < i n ) satisfying J2a=i n a = n i then there may exist maxi- 
mally | linearly independent states specified by permutations of i 1: ■ ■ -i n . The 
dual (bra) states are defined by < 0\a,i n • • • a^, ii, . . . i n G S. 
Let us define the matrix A of inner products with the matrix elements : 

A h ,...,i m ;h,...,jn =< 0|a im • • •a il at 1 • • - a] JO > . (11) 

This is in fact the vacuum matrix element of any polynomial a« m • • • a^aj^ • • • a Jn , 
that can be calculated using Eqs(2),(10). The matrix A is hermitian and block- 
diagonal. If the lattice S is finite with number of sites D, then there are 

D+n-1 \ 
n ) 

different blocks (of size < n\) in the n-particle sector. A generic block A^ 1 '" 1 ™^ 
is characterizied by mutually different ordered indices i±, . . . i n e S (ii < i 2 < 
■■■ < i n ),n < D, from which all other blocks in the n-particle sector can be 
obtained using a suitable specification. The A^ 1 matrix is an n\ ■ n\ matrix, 
whose diagonal matrix elements are equal to 1. The arbitrary matrix element (n, a), 
i.e.,i 7r (i), • • • ?7r(n) ; V(i) ' ' 'V(ri), where n and a are permutations acting on positions 
1, 2 . . . n (it denotes the row and a the column of the matrix A^ ll, - ln ^) is given by 



^r ,<B) = IR*- (12) 

Here the product is over all pairs a,/3 = l,...,n satisfying 7r~ 1 (a) < 7r _1 (/?) 
and a' 1 (a) > cr _1 (/3). For ^ = q G 71, G S, Eq.(12) reproduces the result 




For example, for n = 2, Eq.(12) gives 
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ii,i 2 e S,h ^ % 2 . 



(13) 



Note that if i\ — % 2 — i the block matrix reduces to the one-by-one matrix 
1 + qu, i e S. 

Now we analyze the positivity for the norm (of all vectors) in the Fock-like space. 
The norm of any one-particle state is positive since < 0|a^a| |0 >= 1, Vi G S. 
Let us consider two-particle states (aa^a^ + /fa^ajj )|0 >, a, ft e C, i±,i 2 £ S. 
If i\ 7^ i 2 , the norm is 



Hence the norms of all two-particle states will be positive if and only if the ma- 
trices A( %1 ' %2 ') are positive definite for Vii, « 2 £ -S 1 - These conditions are (see Eq(13)) 



a\ 2 + \p\ 2 + a*[3q ili2 + a(3*q,, 



(14) 



1 - 



Qhi2 



2 > 0, i.e. \q hi2 \ < 1 h ^ i 2 ; h,i 2 e S. 



(15) 



When ii — i 2 — i, the norms are positive if 
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A™ = 1 + qii > 0, i.e., qii > -1, Vi G 5. 



(16) 



Note that when the inequalities (15) are satisfied, the two particle states a^o^ |0 >, 
and o| o| |0 > are linearly independent. The norms of symmetric and antisymmetric 
two-particle states | ^(a^a^ia^aJjO > 1 1 2 are ^(l±Req ili2 ), where the upper (lower) 
sign corresponds to the symmetric (antisymmetric) state. However, these states are 
not orthogonal if Imq ili2 ^ 0. The eigenstates of A^ 1 ' 1 ^ are i(aj i a| 2 ±e~ ; " ?i o| 2 a| l )|0 >, 
(f) = Imq ili2 , and they are orthogonal. The occupation probabilities that the state 
o^ojjO > is in these eigenstates are ^(1 ± Ig^iJ), respectively. 
Proceeding in this way we demand that every n-particle state should have positive 
norm. We find that the norms of all n-particle states will be positive if and only 
if the matrices A^ 1 '-' 1 ^ are positive definite for every ordered sequence of indices 
H, . . . ,i n , h < i 2 < ■ ■ ■ < i n - 

Furthermore, we point out that for q^ = 0, Wi,j G S, all conditions for positive 
definiteness are satisfied automatically, since A is the identity matrix. There arises 
a natural question how far one can change g^-, Vi, j G S, starting from zero in 
order that all eigenvalues remain positive, i.e., all matrices A^ 1 '---' tn ' ) remain positive 
definite. This will happen as long as detA^ 1 '-'^ > for Vii, . . . , i n G S, i\ <i2< 
■ ■ ■ < i n since the eigenvalues of A^ H '-' ln>) are real and depend continuously on qij, 
VhjeS. 

The determinant of a n\ ■ n\ generic matrix i-i < 12 < ■ ■ ■ < in, is given 

by [14] 
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n-1 

detA^-M = m n [i-nniwi 2 ]} (fe " l)!(n " fe)! (17) 

k=l (ju-Jk+l) a P 

where l<a</3<k+l, and the second product is over 




combinations of indices (ji, . . . ,jk+i) C (ii, . . . ,i n ). When = q E 7Z, Wi,j G S, 
Eq.(17) reproduces the result of Zagier [13]. We have not found a general expresion 
for the determinant of the reduced matrix A^ 1 >•••>*") when some of the indices coin- 
cide. However, the determinant of the reduced matrix A^ 1 '•••'* n ) when some indices 
coincide is a polynomial factor of the determinant of the generic matrix, Eq.(17), 
after identifying the corresponding indices [14]. Hence, a sufficient condition for the 
positivity of all norms is that the expression in Eq.(17) should be positive for every 
ordered sequence i\, . . . , i n e S including repetitions and for Vn. It follows that the 
Fock-like space is positive definite for \q^\ < 1, Wi,j G 5'. 

Note that in the three-particle sector the positivity of the reduced matrix A^" j \ 
when two of the indices coincide, implies —1 < qu < \qij\~ 2 , Vj G S, j ^ i. Hence, 
in some cases, one might expect that qu could be larger than 1. 

(ii) The number operator Nk exists for generalized quons, satisfying [AT fc ,oj] = 
— akSki- We present a new result for the number operator [15] that exhibits its simple 
structure and is given by 
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oo 

N k = a\a k + Y, E ll[Y^in,..,iJy k ,n,^ (18) 

n=l ii,...,i n neSn 

where S n denotes the permutation group, and 

^fc,ii,...,i n — ^fc,ii,...,j n _i a i„ ~~ QinkQinh " ' " Qi„i n -i a i n ...,i„_i (19) 

and 

^fcii = Ofea^ — q^kdhCik- (20) 

Always when the parameters ^ tend to 1, i.e., qv,- — > 1, for Vz, j, quons tend to 
a particular anyonic-type statistics, the matrices ^A^ n '" mtn ^)~ 1 become singular and 
the coefficients in the number operator, Eq.(18), diverge. Nevertheless, the num- 
ber operator N k , when acting on states, is well defined. Moreover, in the exact 
limit it reduces to N k = a\a k) and additional relations between the annihilation 
(creation) operators a i} aj (aj,aj) emerge. In this case, the corresponding particles 
are not distinguishable, i.e., they are identical in the quantum-mechanical sense. 
Interchanging them, we generally obtain a unit phase factor e ia (typical of anyons). 
The n-particle wave functions ■ ■ ■ a\ n \0 > for different permutations of indices are 
linearly dependent. Symmetries of these states can be classified according to the q- 
symmetrization or q-antisymmetrization prescription. Otherwise, for general quons 
there are n\ linearly independent states • ■ ■ ajjO >, for different permutations of 
indices 1, . . . , n. 

(iii) The theory of generalized quons is nonlocal. The TCP theorem and the clus- 
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tering properties still hold, with the same type of arguments as in Ref.l and 2. 
However, a careful relativistic treatment of generalized quons should be undertaken, 
see the discussion in Refs.16 and 17. 

We thank Dr. M. Milekovic and Prof. D. Svrtan for helpful discussions. This 
work was supported by the Scientific Fund of the Republic of Croatia. 



11 



References 



[1] O.W.Greenberg, Phys.Rev.Lett. 64, 705 (1990). 
[2] O.W.Greenberg, Phys.Rev. D43, 4111 (1991). 

[3] R.N.Mohapatra, Phys.Lett. B242, 407 (1990), R.F.Werner, Phys.Rev. D48, 
2929 (1993). 

[4] A.K.Mishra and G.Rajasekaran, Mod.Phys.Lett. A9, 419 (1994). 

[5] J.M.Leinaas and J.Myrheim, Nuovo Cim. B37, 1 (1977), 

F.Wilczek, Phys.Rev.Lett. 48, 1144 (1982), ibid 49, 957 (1982). 

[6] G.Semenoff and PSodano, Nucl.Ph.ys. B328, 753 (1989), 
R.Jackiw and S.Y.Pi, Phys.Rev. D42, 3500 (1990). 

[7] V.Bardek, M.Doresic and S.Meljanac, Phys.Rev. D49, 3059 (1994). 

V.Bardek, M.Doresic and S.Meljanac, Example of q-deformed field theory, [hep- 



[9 
[10 



[11 



th 9310171| , accepted for publication in Int.J.Mod.Phys. 



A.Lerda and S.Sciuto, Nucl.Phys. B401, 613 (1993). 
H.S.Green, Phys.Rev. 90, 270 (1953), 

Y.Ohnuki and S.Kamefuchi, Quantum Field Theory and Parastatistics (Uni- 
versity of Tokyo Press, Tokyo, Springer, Berlin 1982). 



D.B.Fairlie and C.K.Zachos, Phys.Lett. B256, 43 (1991). 

12] D.Fairlie and J.Nuyts, Z.Phys. C56, 237 (1992). 

12 



[13] D.Zagier, Commun.Math.Phys. 147, 199 (1992). 

[14] S.Meljanac and D.Svrtan, in preparation. 

[15] S.Meljanac and A.Perica, J.Phys. A27, 4737 (1994), 
S.Meljanac, A.Perica and D.Svrtan, in preparation. 

[16] A.B.Govorkov, Mod.Phys.Lett. A7, 2383 (1992), 
M.V.Cougo-Pinto, Phys.Rev. D46, 858 (1992). 

[17] O.W.Greenberg, Quons, an Interpolation between Boson and Fermi Oscillators, 
University of Maryland, 1993, preprint number 93-097. 



13 



